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The plasmonic properties of sphere-like bcc Na nanoclusters ranging from Na15 to Na331 have
been studied by real-time time-dependent local density approximation calculations. The optical
absorption spectrum, density response function and static polarizability are evaluated. It is shown
that the effect of the ionic background (ionic species and lattice) of the clusters accounts for the
remaining discrepancy in the principal (surface plasmon) absorption peak energy between the ex-
periments and previous calculations based on a jellium background model. The ionic background
effect also pushes the critical cluster size where the maximum width of the principal peak occurs
from Na40 predicted by the previous jellium model calculations to Na65. In the volume mode clus-
ters (Na27, Na51, Na65, Na89 and Na113) in which the density response function is dominated by
an intense volume mode, a multiple absorption peak structure also appears next to the principal
peak. In contrast, the surface mode clusters of greater size (Na169, Na229, Na283 and Na331) exhibit
a smoother and narrower principal absorption peak because their surface plasmon energy is located
well within that of the unperturbed electron-hole transitions, and their density responses already
bear resemblance to that of classical Mie theory. Moreover, it is found that the volume plasmon
that exist only in finite size particles, gives rise to the long absorption tail in the UV region. This
volume plasmon manifests itself in the absorption spectrum even for clusters as large as Na331 with
an effective diameter of ∼3.0 nm.
I. INTRODUCTION
The prominent outlook of plasmonics for various appli-
cations in nanotechnology has stimulated its intense stud-
ies1–5, notwithstanding the plasmon, a collective type of
electronic excitations generally featured by metallic sys-
tems, has been an old topic in physics. Past theoreti-
cal and experimental investigations on plasmons in metal
nonoclusters have mainly been focused on the Mie surface
plasmons6, as opposed to volume plasmons which cannot
be optically excited in bulk metals7. However, volume
plasmons in small metal nanoclusters have been theoret-
ically shown to be non-negligible and were also exper-
imentally demonstrated recently8–11. Inspired by these
pioneering works, therefore, it is interesting to further
examine the plasmonic properties of finite metallic parti-
cles. Furthermore, in subnanoscale size regime quantum
plasmons can have distinct behaviors that are different
from classical plasmons2–5,12 due to, for example, Landau
fragmentation13–15, and hence call for further investiga-
tions. In this paper, we focus on quantum-sized neu-
tral Na metal clusters with the number (N) of Na atoms
ranging from N = 15 to N = 331, and use quantum
mechanical time-dependent (TD) local density approxi-
mation (LDA)16–19 to study how the optical absorption
spectrum, its related properties, and linear density re-
sponse function of the clusters evolve as the cluster size
increases. In particular, by examining the spatial distri-
bution of density response function for different frequen-
cies, we investigate how the compositions of both surface
and volume plasmons depend on the cluster size. The
alkali metal, Na, is chosen because it bears a wide range
of absorption energy dominated by the plasmonic excita-
tions without interference from the deeper electrons such
as d-states in transition metals to contribute to interband
transitions12,20,21.
In the present TDLDA calculations, we employ the
real time and real space propagation method12,22 in the
linear response regime where the two properties of in-
terest, absorption spectrum and density response func-
tion to uniform perturbation, can readily be extracted.
This approach is on the same theoretical level as the one
employing Dyson-type equation for the density-density
response function within TDLDA23,24, or the matrix
TDLDA method25, which constructs a random phase
approximation (RPA)-like matrix equation. In order
to study the Landau fragmentation of the surface plas-
mon, we also calculate for several clusters the oscillator
strength of unperturbed electron-hole transitions that are
used as the basis set in the matrix TDLDA method. For
studying plasmonic properties of metallic particles, there
have also been such works8 as employing RPA-like matrix
equations13–15, to formulating Dyson-type equation for
density-density response function24 or effective electron-
electron-interaction10.
For metal nanoclusters, one of the outstanding charac-
teristics has been the electronic shell structure 8,26,27 in
which a cluster is stabilized by forming shell closure at
certain numbers (Ne) of (nearly) free valence electrons,
i.e., Ne = 8, 20, 40 and so on. This reflects an effec-
tive spherical potential these electrons experience, and,
therefore, several theoretical works have been based on
2the spherical jellium model or its variants with consid-
erable success to describe the positive background of a
metal cluster8,13–15,28–32. For a more precise prediction
on the nanocluster properties, however, taking the real
ionic background (i.e., ionic species and lattice) into ac-
count explicitly should be important. This is true espe-
cially for small nanoclusters in low temperatures or fixed
in space as in nano-device, where the effect of discrete-
ness of the ionic background on the observables cannot
be averaged out. For example, it has been shown33 that
the presence of ionic background can cause more spectral
splittings than a corresponding jellium model. Moreover,
the discrepancy34 between experiment and jellium model
calculation in the principal (surface plasmon) absorption
peak energy of free metallic particles remains to be re-
solved. Unlike the spectral splitting, the principal peak
energy is relatively insensitive to temperature35,36.
If one aims to take into account the real ionic struc-
ture of a metal cluster, however, the construction of the
ground state structure often relies on numerous config-
uration searches37,38 whose complexity rapidly arises as
the cluster size increases. Furthermore, there is no guar-
antee that the ground state structure or other important
isomers would be located; different theoretical calcula-
tions can also predict different energy orders for the same
set of structures. Hence, instead of searching from many
geometries with magic electron numbers, in order to build
Na clusters, we simply pile up atoms layer by layer onto
bulk Na bcc lattice and this helps construct a series of
highly symmetric Na clusters ranging from N = 1 to as
large as N = 331 (Table I). The structures of these Na
clusters are then theoretically optimized and used in the
present TDLDA calculations. Since a plasmon is formed
by the collective motion of (nearly) free electrons (see,
e.g., Ref. 39 for a review), it is assumed that the gen-
eral trends of plasmonic properties of metal clusters are
more susceptible to the overall shape, size and electronic
density than to the exact atomic structures. In addi-
tion, the conventional Hill-Wheeler quadrupole deforma-
tion parameters, β2, and the octupole moment, β3,
30,40
for the constructed clusters are all equal to zero. There-
fore, possibility of spectral splitting due to particle shape
deformation could be excluded. Moreover, Yannouleas
and Landman40 showed that as the cluster size increases,
the deformation of the stable structures from a spherical
shape generally diminishes. Most clusters studied here
are larger than N = 60, whose deformations were found
to be very small40. The generated highly symmetric clus-
ters also facilitate numerical calculations and help pro-
vide systematic knowledge on the effect of size evolution
on the plasmonic properties of metal nanoclusters.
The paper is organized as follows. In Sec. II, computa-
tional procedures are introduced, including the construc-
tion of various Na metal clusters and the details of the
present TDLDA calculations. In Sec. III, the calculated
optical absorption spectra and the related properties are
examined. In Sec. IV, the density response function of
each cluster for each major absorption feature is ana-
TABLE I. Details of the Na nanoclusters used as the initial
conformations for structural optimization in this paper. Na
atoms on the bcc lattice are divided into shells (layers) where
shell 0, a single Na atom, is at the center upon which other
shells are stacked one by one to make up various clusters of
different sizes considered here. In each shell, only the atom(s)
at the first octant are listed. Other atoms on the shell can be
obtained by applying point group operations to these atoms.
RL stands for the shell distance to the cluster center, whereas
RC is the effective cluster radius (see text).
Shell Cluster x y z RL(A˚) RC(A˚)
0 0 0 0 0.00
1 a/2 a/2 a/2 3.66
2 Na15 a 0 0 4.23 5.13
3 Na27 a a 0 5.98 6.24
4 Na51 3a/2 a/2 a/2 7.01 7.72
5 a a a 7.33
6 Na65 2a 0 0 8.46 8.37
7 Na89 3a/2 3a/2 a/2 9.22 9.29
8 Na113 2a a 0 9.46 10.06
9 2a a a 10.36
10 Na169 3a/2 3a/2 3a/2 10.99 11.50
5a/2 a/2 a/2
11 2a 2a 0 11.96
12 Na229 5a/2 3a/2 a/2 12.51 12.73
13 2a 2a a 12.69
3a 0 0
14 Na283 3a a 0 13.38 13.66
15 5a/2 3a/2 3a/2 13.87
16 Na331 3a a a 14.03 14.39
lyzed. Finally, conclusions are given in Sec. V.
II. THEORY AND COMPUTATIONAL DETAILS
Starting from a single Na atom, a series of nearly spher-
ical nanoclusters are constructed by attaching one new
layer of atoms selected from the Na bcc lattice41 a time
to the previous smaller cluster. Each layer has atoms
of equal distance to the cluster center. An effective ra-
dius (RC) for measuring the size of a cluster is defined by
(4π/3)R3C = NVc where Vc is the volume per atom of the
bulk Na. The details of all the constructed Na clusters
are listed in Table I.
The structures of these constructed clusters are then
theoretically optimized. The structural optimizations are
performed within the density functional theory with the
generalized gradient approximation42 by using the accu-
rate projector-augmented wave method, as implemented
in the VASP package43–45. The shallow semicore 2p elec-
trons are treated as the band states. The cut-off energy
for plane waves is 300 eV. The lattice constant of bulk Na
determined this way agrees with the experimental value
within 0.2 %. We find that after optimization, all the
clusters listed in Table I remain in the high cubic Oh sym-
metry. Nevertheless, the distances of the atoms on the
surface of each cluster can vary up to a few percents com-
3pared to that of structurally unrelaxed clusters, pushing
the overall shape of the clusters towards a spherical one.
The optical absorption spectra of these optimized clus-
ters are then calculated by real time and real space
TDLDA, as implemented in the Octopus package46. Each
cluster is positioned in a large box built by surrounding
a 10 A˚ sphere around each atom and putting into use the
overlapping region. The spacing of the grid used for di-
viding the spatial region is 0.3 A˚. Further calculations for
the benchmark system Na9 using a surrounding sphere of
a 15 A˚ radius and a grid spacing of 0.15 A˚, indicate that
the radius of surrounding spheres and the grid spacing
employed here have rendered the calculated ground state
energy and the principal peak energy in the absorption
spectrum converged within 0.02 % and ∼0.01 eV, respec-
tively.
Only the valence 3s electrons responsible for the plas-
monic oscillation are treated by the TDLDA. The ionic
core of the Na atoms is taken into account by using a
Troullier-Martins norm-conserving pseudopotential47 in
non-local form48. Moreover, since all the studied clusters
have odd number of atoms, spin unrestricted calculations
are performed. Nonetheless, the electronic structure of
these clusters has been restricted to the lowest spin con-
figuration, ∆αβ = 1, in the present LDA calculations,
where ∆αβ denotes the number difference between spin
up and spin down electrons. This should be reasonable
since natural clusters generally have the lowest net spin
configuration, especially for large clusters49.
To calculate the optical absorption spectrum of each
cluster using real time/space TDLDA, we follow the
spectral analysis procedure proposed by Yabana and
Bertsch22 by using a delta-impulse of electric field,
E = Kδ(t)xˆ, (1)
where K should be small enough to stay in the linear
response regime, to excite all frequencies of the system
in its ground state. This is achieved by setting
ϕi(r, δt) = e
iKxϕi(r, 0) (2)
where ϕi(r, 0) are the ground state Kohn-Sham orbitals.
The system is then propagated for a certain time, which
equates propagating the Kohn-Sham orbitals directly,
ϕi(r, t+∆t) = U(t+∆t, t)ϕi(r, t), (3)
where the time-reversal-symmetry propagator
U(t+∆t, t) = exp{−i∆t
2
H(t+∆t)}exp{−i∆t
2
H(t)}.(4)
The total propagation time used is T = 50 ~/eV, with
each time step being 0.005 ~/eV. After propagation, the
dipole oscillation strength function per atom,
Sxx(ω) =
2meω
πe2NK
Im
∫ T
0
dteiωt−Γt[µx(t)−µx(0)](5)
is calculated, where µx(t) is the dipole moment along the
x-axis of the system. Γ is the damping factor which is
set to 0.14 eV/~ to simulate the intrinsic damping due
to the finite temperature in experiment other than Lan-
dau fragmentation14. Using a normalized signal func-
tion of 2
pi
sin(ω0t) to replace the [µx(t) − µx(0)] in Eq.
(5), it can be shown that the finite propagation time
T = 50 ~/eV used here is able to reproduce the exact
Sxx (T =∞ ~/eV) within ±0.005 eV−1 at the damping
factor Γ = 0.14 eV/~. Because of the symmetry of the
clusters, only the calculations with electric field applied
along one Cartesian axis are necessary. Thus,
S(ω) =
1
3
3∑
i=1
Sii(ω) ≃ Sxx(ω) (6)
is eventually the calculated absorption spectrum that sat-
isfies the Thomas-Reiche-Kuhn (TRK) sum rule50,∫
∞
0
dωS(ω) = 1. (7)
In order to study the formation process of the absorp-
tion profiles near the principal absorption peak that are
mediated by Landau fragmentation14, we also examine
for several clusters the couplings among the unperturbed
individual electron-hole transitions that are used as the
basis set for diagonalization in matrix TDLDA method25.
The oscillator strength of an unperturbed electron-hole
transition is given by
fI =
2m
3~
ωI
3∑
i=1
|〈Ψ0|xˆi|ΨI〉|2 (8)
where 〈Ψ0|xˆi|ΨI〉 is the transition dipole moment be-
tween the ground and electron-hole excited state along xi
direction and ωI the energy difference between the elec-
tron and hole Kohn-Sham orbitals. Note that a principal
absorption peak is formed by all the couplings among
individual electron-hole transitions. The corresponding
charge density oscillation may therefore contain the sur-
face section, which is naturally the surface plasmon com-
ponent, and volume section, which is from the coupled
individual transitions. This will be discussed in more de-
tail in Sec. IV. Thus, we call the combined excitation the
”Landau fragmented surface plasmon”, whereas ”surface
plasmon” refers only to its surface section. The former
can be seen as formed by the coupling between the latter
and the nearly degenerate electron-hole transitions. It is
of course difficult to clearly separate the two contribu-
tions, but the surface plasmon can be assigned as formed
by the couplings among all the electron-hole transitions
excluding those that fall within ωpp ± η, where ωpp de-
notes the principal absorption peak energy. The surface
plasmon energy is generally very close to ωpp, as shown
in Ref. 14, where it is called before-breakup surface plas-
mon.
On the other hand, for calculating the linear density
response function (χ˜(r, ω)) of a system in the ground
state to a constant (in spatial and frequency domain) ex-
ternal potential, we perform a similar finite time Fourier
4FIG. 1. Boundary of the clusters studied here: the boundary
contour on the xy-plane that slices through the center of each
cluster. The boundary is used to define the volume region of
a cluster (see text).
transform to the induced electronic density in a TDLDA
calculation, i.e.,
χ˜(r, ω) =
1
K
Im
∫ T
0
dteiωt−Γt[n(r, t)− n0(r)] (9)
where n0(r) and n(r, t) are the electronic density at the
ground state (initial time) and at time t, respectively.
After obtaining the χ˜(r, ω), the volume density
response proportion (VRP) at a frequency is esti-
mated through the computation of
∫
in
|χ˜(r, ω)|d3r and∫
out
|χ˜(r, ω)|d3r. The division of the inner and outer re-
gions of a cluster is achieved by employing the 0.0250
e/A˚3 isosurface on the ground state electronic density
at the border between the cluster and vacuum. While
the average valence electron density inside the bulk Na is
0.0265 e/A˚3 (Ref. 41), the density fluctuation inside a
cluster can result in the inter-atomic density being lower
than this value. The 0.0250 e/A˚3, on the other hand, is
found to be well below this fluctuation and is accordingly
used for defining the cluster borders beyond which elec-
tronic density continues decaying towards the vacuum.
The defined boundary for each cluster on the xy-plane
which slices through the cluster center, is shown in Fig.
1.
To measure the VRP value at a given frequency ω,∫
in
|χ˜(r, ω)|d3r/
∫
in+out
|χ˜(r, ω)|d3r (10)
is then calculated. By further referencing the distribution
of χ˜(r, ω) on the xy-plane for each feature in an optical
absorption spectrum or VRP spectrum, the properties
of the plasmonic or other excitations can be studied in
detail.
III. OPTICAL ABSORPTION SPECTRA
A. Oscillation strength and peak energy
The calculated optical absorption and VRP spectra of
each cluster considered here in the energy range 1.5-5.5
FIG. 2. (Color online) Calculated absorption spectra (dipole
oscillation strength) of the Na clusters studied here. Also
plotted are the volume density response proportion (VRP)
spectra.
eV are plotted in Fig. 2. An important feature to be
examined first is the principal (strongest) peak position
which corresponds to the surface plasmon. Fig. 3 shows
the principal peak energies of our Na clusters and also of
four closed-shell Na clusters (Na8, Na20, Na40, and Na92)
measured before11,51, together with the results of previ-
ous LDA/electron spill-out model and TDLDA/jellium
5FIG. 3. (Color online) Calculated principal peak energy (◦)
vs. the reciprocal of the effective Na cluster radius. The
TDLDA results for three structurally unoptimized clusters
(see Table I) are also shown (−). The results from previ-
ous LDA/electron spill-out model (⋄)34 and TDLDA (△)34
calculations based on a spherical jellium model, as well as
the experimental data (⊕51 and •11), are also displayed for
comparison. Dotted, dashed, and dash-dotted lines, which
converge to ωMie, are a guide to the eye only, for the open di-
amonds, open triangles, and all types of circles, respectively.
While the coupling of the surface plasmon with electron-hole
transitions leads to the red-shift (dotted to dashed line) of the
principal peak energies34, the ionic effect is evidently respon-
sible for the further red-shift (dashed to dash-dotted line) that
brings our results in good agreement with the experiments.
background calculations for several closed-shell clus-
ters34. Note that the measured principal peak ener-
gies for closed-shell clusters (hence without deformation
effect) are much smaller than the Mie frequency8,26,39,
ωMie = ωp/
√
3, where ωp is the bulk plasmon frequency.
The discrepancy has usually been attributed to the elec-
tron spill-out on the surface8,39,52. If the electron spill-
out effect is taken into account, the surface plasmon en-
ergy becomes ω′
2
Mie = ω
2
Mie(1−∆Ne/Ne), where ∆Ne is
the spilled-out electrons. However, as can be seen from
the discrepancies between the results of the LDA/spill-
out model and experimental data in Fig. 3, the prin-
cipal peak energies remain notably off the experimental
trend. Note that the theoretical trend can be further cor-
rected if one considers the coupling of the surface plas-
mon with the individual electron-hole excitations34,53.
As shown in Fig. 3, the TDLDA results move closer to-
ward the measured data. Despite the improved descrip-
tion, however, the remaining discrepancy (see Fig. 3) is
not yet clearly understood, not least the early energy de-
crease with increasing cluster size of Na8, Na20, and Na40
that is not predicted by either LDA/spill-out model or
TDLDA/jellium background calculations. Note that the
energy shift due to the finite temperature in experiments
is much smaller and can be ignored in this context35,36.
A natural conjecture would be that the errors in the jel-
lium approximation of the positive background could ac-
count for the remaining deviation. Indeed, Ku¨mmel et
al.
38 showed that for clusters of up to 56 electrons, the
explicit inclusion of ionic structure can considerably im-
prove the agreement with experiments. However, a the-
oretical confirmation of the ionic effect on a larger size
scale is still needed, which becomes extremely difficult for
the search of ground state and isomer structures. Nev-
ertheless, with the relatively simple cluster construction
scheme employed in this work, the ionic effect for much
larger clusters can be investigated.
It can be seen from Fig. 3 that the experimental trend
is well reproduced by our TDLDA results, i.e., the prin-
cipal peak energies follow a line that meets the experi-
mental data at Na20 and Na92 (which appears to be the
largest neutral cluster ever measured). The decrease of
peak energies from Na15 to Na27 also agrees with the ex-
perimental results for Na8, Na20, and Na40. The energy
plummeting at Na229 may be due to an incidental strong
coupling of some nearly degenerate electron-hole transi-
tions to the surface plasmon. We have also performed
TDLDA calculations for the structurally non-optimized
clusters (Table I) and the principal peak energies are fur-
ther red-shifted (Fig. 3). Since all the clusters considered
here are with a similar average background density and a
similar global shape to the corresponding jellium spheres,
the main factor responsible for the overall red-shift of
the principal peak energy and the red-shift with size for
small clusters should be the real ionic background of these
clusters. Note that for the non-optimized clusters that
have the same background density as the jellium spheres,
the principal peak energies further red-shift away from
(rather than move closer to) the jellium results, clearly
indicating that the presence of the realistic ionic back-
ground would lower the principal peak energy. This also
suggests that the overall denser and non-uniform back-
ground density resulted from the structural relaxation,
which is not taken into account by the jellium model, is
also an important factor for the energy shift of the sur-
face plasmon. While the red-shift due to the use of the
realistic ionic background could be accounted for to some
extent by the softened boundary potential which could be
modeled using a ”soft” jellium background39, the struc-
tural relaxation may need to be taken into account prop-
erly in order to better reproduce the experimental trend.
For a detailed comparison, the measured absorption
cross section per atom [σ(ω)] of Na20 and Na92
11 together
with our calculated ones of Na27 and Na89 are displayed
in Fig. 4. σ(ω) relates to the dipole oscillation strength
function, S(ω), by σ(ω) = (πe2~/2ǫ0mc)S(ω), where c is
the speed of light, and thus satisfies the TRK sum rule∫
∞
0
σ(ω)dω = 1.0975eV · A˚2. (11)
It can be seen that the main features in the measured
spectrum of Na20 (Na92) and theoretical spectrum of
Na27 (Na89) are very similar; apart from the close princi-
pal peak positions, there are bumpy structures between
2.5 (3.0) eV and 5.0 eV for Na20/Na27 (Na92/Na89) and
a long tail extending up to at least 5.5 eV.
6FIG. 4. (Color online) Calculated optical absorption cross-
sections of Na27 (Na89) compared to the measured spectra
11
of Na20 (Na92). Measured data of Na20 (crosses) from a dif-
ferent work54 are also plotted. The good agreement between
the calculations and experiments indicates that the plasmonic
properties depend more strongly on the overall shape, size,
and ionic density of a cluster than on its detailed atomic struc-
ture.
B. Static polarizability
Note also that the measured absorption spectrum of
Na20 and Na92 has not exhausted the TRK sum rule (71%
for Na20 and 60% for Na92) and this was attributed to the
yet unfound photoabsorption channels in other frequency
ranges11. However, by computing the underlying area of
each absorption spectrum between 2.0 and 5.5 eV, we
find that for all the clusters considered, 87% or higher
percentage of the oscillator strength has been accounted
for. We further examine our results by evaluating the
static polarizability (α) by using the sum rule
α =
e2
4πǫ0me
∫
∞
0
S(ω)
ω2
dω. (12)
The α of several clusters have also been calculated using
Sternheimer equation within TDDFT formalism55 and
agree excellently with the results obtained from the sum
rule. Our calculated α are compared with the experi-
ments on several closed-shell clusters in Fig. 5. Mea-
sured data of several non-closed-shell clusters are also
plotted as a reference to the electronic shell structure
FIG. 5. (Color online) Calculated static polarizability (◦)
vs. the effective Na cluster radius, with a +20 % bar ac-
counting for possible temperature effect up to 500 K being
added. The results (−) obtained using Sternheimer equa-
tion within TDDFT formalism55 for some clusters are also
plotted. For comparison, experimental data for closed-shell
clusters (•)56 (with error bar present) and (⊕)57 are also plot-
ted, together with previous measurements on non-closed-shell
clusters (×)56 and theoretical results for closed-shell (N) and
non-closed-shell (△) clusters from the TDLDA/jellium back-
ground calculations24 .
effect on α that will be discussed below. Ku¨mmel et
al.
58 demonstrated that thermal expansion coefficient for
small metal clusters is considerably larger than that in
the bulk, which in turn leads to a substantial increase
of α at room temperature that can account for the long-
standing discrepancy between theories and experiments.
Blundell et al.59, studying temperature effect as well, also
showed that closed-shell Na clusters ranging from 8 to
139 electrons at 300 K all exhibit a roughly 15 % larger
α than at 0 K. From the linear relation between tempera-
ture and average α for Na8 and Na10
58, it can be deduced
that at 500 K (a typical temperature in experiments) the
enhancement of α is around 20%. We therefore add a +20
% bar to our results to simulate the possible effect of tem-
perature up to 500 K. Note that the precise relation be-
tween the increase of α and temperature (and size58) still
waits for further clarification. Note also that due to var-
ious factors such as temperature difference or isomerism
effects56, the experimental data exhibit uncertainties as
large as 20-30 %, as shown in Fig. 5. Nevertheless, in
the size regime where measured data are available, our
calculated static polarizabilities are in reasonable overall
agreement with the experiments. The oscillation of α as
a function of cluster size not observed in experiments on
closed-shell clusters, may be due to non-closed electronic
shell that can lead to the oscillation of α, either indirectly
from the cluster deformation, or directly as exhibited by
our results. The latter mechanism can also be seen (Fig.
5) in the results of the TDLDA/jellium background cal-
culations24 for several non-closed shell clusters where an
oscillation as a function of cluster size is observed. The
7FIG. 6. (Color online) The widths (FWHMs) (◦) of the prin-
cipal peaks derived from the absorption spectra from the
present work (Fig. 2) vs. the effective Na cluster radius.
Also plotted are the FWHMs from previous matrix RPA-
LDA/jellium model calculations (△)14 and the experimental
widths (•) of Na20 and Na92
11 derived from the absorption
spectra shown in Fig. 4.
difference between the TDLDA/jellium background re-
sults and ours should be due to the real ionic structure
used in the present calculations.
The good agreement of our optical absorption spec-
trum and static polarizability with the experiments thus
indicates that the contribution from other photoabsorp-
tion channels outside the energy range 2.0-5.5 eV ac-
counts for ∼13 % or less, and our calculated absorption
spectra of Na27 and Na89 provide possible candidates for
missing absorptions of Na20 and Na92, respectively (Fig.
4). Since, as indicated by the authors of Ref. 11, there is
a 15 % uncertainty in the measured data for Na20 and a
20 % for Na92, it is likely that the difference is caused by
the remaining uncertainty of the experimental data. For
example, Fig. 4 also shows the measurements on Na20 in
which the principal peak is higher and hence can increase
the underlying cross section area.
C. Spectral width
Now let us move onto the width of the principal absorp-
tion peak, which is estimated by the full-width-at-half-
maximum (FWHM). Fig. 6 shows the results of our stud-
ied clusters derived from Fig. 2, compared with those of
the previous matrix RPA-LDA/jellium background cal-
culations for several closed-shell clusters14 and also of the
experiments for Na20 and Na92 (Fig. 4). Note that the
damping factor of 0.14 eV/~ used in the present work
has rendered the width of Na15 matches well with that
of Na8 from the matrix RPA-LDA/jellium model calcu-
lation and the experimental result of Na20. For Na20
or smaller clusters the Landau fragmentation should not
start yet, as evidenced from the simple shape of the prin-
cipal peak of Na20 that is well separated from the bumpy
FIG. 7. (Color online) Oscillator strengths of the unper-
turbed electron-hole transitions that form the basis for ma-
trix TDLDA diagonalization. To examine four main stages
of Landau fragmentation, 40, 70, 165, and 285 lowest energy
Kohn-Sham α-spin states, plus the same amount of lowest en-
ergy β-spin states, for Na15, Na27, Na65, and Na113, respec-
tively, are used to calculate these transitions. Na15: before
fragmentation, as indicated by a narrow and smooth princi-
pal peak (Fig. 2); Na27: fragmentation going to start, as
indicated by a rough absorption profile on the right side of
the principal peak; Na65: fragmentation at its maximum, as
revealed by the maximum width of the principal peak (Fig.
6); Na113: fragmentation close to a local minimum, indicated
by the shrinking width around a local minimum. The princi-
pal peak energy (ωpp) for each cluster is marked by the red
dashed line.
8absorption profile on the higher-energy side by ∼0.2 eV
(Fig. 4). Hence, the width should reflect the intrinsic
damping factor due to the finite temperature in experi-
ment14. More details will be given in the following text.
The complicated absorption profile near the principal
peak in most clusters (Figs. 2 and 4) should be largely
due to the individual electron-hole transitions, as men-
tioned before. It is therefore desirable to further study
the formation process of these profiles in more detail. For
Na15, Na27, Na65, and Na113, the oscillator strengths [Eq.
(8)] of the unperturbed electron-hole transitions used in
the matrix TDLDA method25 are plotted in Fig. 7. Note
that the matrix TDLDA method differs from the ma-
trix RPA-LDA14 in that the latter employs semiempirical
single-particle potentials.
It was found14 that Na20 is the cluster of critical size for
which the surface plasmon starts to be fragmented due to
the energy gap closing between the surface plasmon and
the unperturbed electron-hole transitions. For clusters
smaller than Na20, the surface plasmon energy lies within
the gap between ∆n = 1 and ∆n ≥ 3 electron-hole tran-
sitions, where n denotes the principal quantum number
of single-particle electronic levels in a jellium sphere14.
As the cluster size increases, the gap narrows due to the
increase of the cluster volume, until the edge at ∆n ≥ 3
side finally touches the surface plasmon energy, leading
to a strong coupling and thus Landau fragmentation of
the surface plasmon. For larger clusters, the surface plas-
mon energy continues to stay in the ∆n ≥ 3 transition
forest, in which the small gaps between the transitions
are due to the flattened potential outside the cluster.
The larger the cluster, the denser the forest, and hence
the more fragmented the surface plasmon. However, the
width of the Landau fragmented surface plasmon would
reach the maximum within ∆n = 3 transitions. As the
cluster size further increases, the surface plasmon energy
moves deeper into the forest and becomes degenerate
with higher energy transitions (e.g. ∆n = 5)14, result-
ing in progressively weaker coupling and smaller width.
This oscillatory behavior of the spectral width could also
be understood in terms of the fact60,61 that the electron-
hole density-density correlation oscillates as a function of
cluster size due to the shell effect.
The above phenomenon can also be seen in Fig. 7,
although the matrix RPA-LDA/jellium background cal-
culation gives the maximum width at Na40, whereas our
calculations predict it at about Na65 (Fig. 6). Since the
present work is based on a realistic ionic background in-
stead of the jellium model, these transitions can no longer
be characterized by ∆n. However, it can clearly be seen
that the principal peak energy (ωpp) lies within the gap
between two forests of the electron-hole transitions for
Na15. With the increasing cluster size, ωpp comes close
to and eventually falls within the right transition forest
whose edge gradually approaches the left forest at the
same time. In Na27, the ωpp nearly touches the edge of
the right transition forest, thus resulting in the bumpy
absorption profile on the high-energy side of the principal
peak (Fig. 2). The sudden rise of the width of Na51 (Fig.
6) clearly indicates that the ωpp has moved into the right
transition forest. For Na65, the ωpp falls right on the posi-
tion of the maximum electron-hole transitions within the
right transition forest. This results in the strongest cou-
pling between the surface plasmon and nearly degenerate
electron-hole transitions that leads to the largest width.
Moving towards Na113, the ωpp moves further rightward
having the surface plasmon coupled with the transitions
of smaller oscillator strengths, resulting in a weaker Lan-
dau fragmentation as reflected by the narrowed width.
Afterwards, the width can be increased or decreased, de-
pending on the height of the unperturbed transitions the
ωpp encounters, but the variation is not as large as before
due to the diminishing peak height of the follow-up tran-
sitions as can be seen from the plot for Na113 in Fig. 7.
More measurements on the closed-shell neutral Na clus-
ters would still be needed to verify the present results;
the discrepancy between our results and that of Na92
may be attributed to the missing absorptions in the ex-
periments mentioned above (Fig. 4). Nonetheless, some
measurements on singly ionized Na clusters indeed indi-
cated that the maximum takes place at the clusters with
58 Na atoms or larger52,62. Thus, it is reasonable to as-
sume that the ionic effect would push up the cluster size
in which the width maximum occurs, as Fig. 6 shows.
IV. NATURE OF PLASMONIC AND
ELECTRON-HOLE EXCITATIONS
We have just examined several electronic properties
related to the optical absorption spectrum, namely, the
principal peak position, width, and static polarizability.
However, the absorption spectra themselves do not pro-
vide further information on the electronic density behav-
ior of plasmons or other electronic excitations, which,
however, can be made clear by referencing to the spatial
distribution of χ˜(r, ω) and the VRP spectra. For exam-
ple, electron-hole excitations and the volume plasmon11
should both be reflected by a larger VRP value since the
induced charge density oscillations occur inside the clus-
ter.
To analyze the nature of the prominent plasmonic res-
onances in the calculated absorption spectra in Figs. 3
and 5, we have evaluated the density response function to
uniform perturbation, χ˜(r, ω), of these plasmon modes.
Moreover, for studying the volume plasmon and/or in-
dividual electron-hole excitations, several local peaks in
a VRP spectrum are also analyzed. Fig. 8 shows the
χ˜(r, ω) contours on the cluster middle planes of the prin-
cipal plasmonic absorption peaks (a), and of the local
peaks in the VRP spectra (b). A local peak in a VRP
spectrum indicates that the volume mode bears a higher
contribution to the oscillation charge at that frequency
than at neighbouring ones, which are featured by volume
plasmon or individual electron-hole excitations. Study-
ing these peaks therefore help understand the nature of
9these electronic excitations.
A. The principal plasmon resonance
As shown in Fig. 8a, at the principal resonance fre-
quency, all the clusters considered here have a strong
dipolar charge cloud located outside the cluster surface,
which clearly corresponds to the uniform translational
motion of electrons against the positive background in
the classical Mie picture. A similar circumstance in nu-
clear physics, namely, the Goldhaber-Teller (GT) giant
dipole resonance, is shown in Fig. 9. For most clus-
ters the dipolar charge cloud is distributed roundly about
the surface as the Mie picture dictates, except for Na27,
which has a strong-corner signal due to the corner atoms
that make the cluster surface deviate markedly from a
spherical one. However, as the cluster size increases, this
deviation from the spherical shape due to the uneven dis-
tribution of surface atoms should become less influential,
as can be seen from the calculated charge distribution of
the larger clusters in Fig. 8a.
Careful examination of the density response contour
plots in Fig. 8a reveals that the Na clusters consid-
ered here can be divided into two groups, namely, vol-
ume mode group (called group-V) and surface mode
group (called group-S). We can see that Na27, Na51,
Na65, Na89, and Na113 have a comparably thicker dipo-
lar charge cloud inside their clusters that resemble sev-
eral concentric circles with alternating phases toward the
cluster center, hence belonging to the group-V clusters.
In contrast, the dipolar charge cloud inside the clusters
of Na15, Na169, Na229, Na283, and Na331 is much weaker,
and thus, these clusters are among the group-S clusters.
In consistent with the above observation, we can see
in Fig. 2 that the group-S clusters have the principal
absorption peak located in a valley of the VRP spec-
trum, indicating a weak volume mode contribution to
the plasmonic resonance. For the group-V clusters, on
the other hand, a VRP valley becomes barely visible at,
e.g., Na113. For a group-S cluster larger than Na113, gen-
erally, the principal absorption peak becomes dominated
by the surface dipole mode (see Fig. 8a) and a valley
in the VRP spectrum appears near the energy of the
principal absorption peak. The only exception is Na15,
which, despite of its small size, belongs to the group-S.
To understand this, we resort again to Fig. 8 for a qual-
itative picture. As discussed in the preceding section,
the principal peak of Na15 is located within the gap be-
tween the left and right electron-hole transition forests,
and hence is not Landau fragmented. This is clearly re-
flected in its simple absorption profile, a small VRP value
at the principal peak energy (Fig. 2), and the weak vol-
ume mode inside the cluster (Fig. 8a). For Na27, the
first group-V cluster, on the other hand, the principal
peak energy almost touches the right transition forest,
thus indicating the almost onset of Landau fragmenta-
tion. The strong coupling between the surface plasmon
and the nearly degenerate electron-hole transitions there-
fore gives rise to a strong mixture of the surface and vol-
ume modes for the group-V clusters (Fig. 8a). On the
other hand, for the group-S clusters Na169, Na229, Na283,
and Na331, the principal peak energy is well within the
transition forest and the principal peak has the coupling
from the weaker transitions. Since the number of tran-
sitions that are nearly degenerate with the surface plas-
mon is huge and the average coupling is weaker, these
numerous weak contributions would distribute over the
whole cluster with a small magnitude, as shown in Fig.
8a for Na169, Na229, Na283, and Na331. The progressively
deeper and smoother valley in the VRP spectrum in the
vicinity of the principal absorption peak as a function
of the cluster size, is regarded as the signature for the
increasing number of weaker couplings of the nearly de-
generate electron-hole transitions to the surface plasmon.
B. Volume plasmon and electron-hole excitations
Fig. 2 shows that next to the principal peak, there are
several less prominent peaks as well, especially for the
group-V clusters. As discussed before, these peaks result
predominantly from the Landau fragmentation from the
coupling of the surface plasmon to the nearly degenerate
electron-hole transitions. Because these excitations re-
tain most of their electron-hole transition nature, a large
density response inside the cluster is anticipated, which is
reflected by a large VRP value. Therefore, the VRP spec-
trum may be used to locate these electronic excitations
that would otherwise be unrecognizable in the absorption
spectrum due to their small transition dipole moment.
Fig. 8b displays the χ˜(r, ω) of several VRP peaks in the
vicinity of the principal absorption peak for each cluster.
As shown in Fig. 2, there are two VRP peaks for Na15
near 4 eV, which should correspond to two electron-hole
transitions that are not yet strongly coupled with the
surface plasmon. For Na27 and larger clusters, on the
other hand, the strong coupling should occur involving
the descendent of the first VRP peak of Na15 at 3.92 eV.
For example, it can be seen that the χ˜(r, ω) plot of Na27
at 3.14 eV strongly resembles (but in the opposite phase
with) that of Na15 at 3.92 eV in the same spatial area
of the two clusters. After Landau fragmentation, the
resultant electron-hole excitations exhibit various com-
plicated spatial distributions (Fig. 8b), which are fos-
tered by the discrete ionic background and the uneven
cluster surface. The intense contour magnitudes both in-
side and on the surface of the group-V clusters are the
consequence of the strong coupling between the surface
plasmon and the nearly degenerate electron-hole transi-
tions. For the group-S clusters of greater size, on the
other hand, the number of nearly degenerate transitions
increases whereas the average strength of each coupling
reduces, resulting in the reduced maximum of χ˜(r, ω) in-
side the clusters.
Interestingly, the second VRP peak at 4.22 eV of Na15
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(a)
(b)
(c)
FIG. 8. (Color) Distribution of calculated linear density response function, χ˜(r, ω), on the xy-plane. The plots in panel (a)
correspond to the strongest absorption peaks, in panel (b) to the major peaks in the VRP spectra, and in panel (c) to the local
peaks in the VRP spectra around 4.5 eV on the absorption long tail. The applied electric impulse is along the x-direction.
Large and small circles, respectively, indicate atoms sitting on the xy-plane and the first atoms next to the xy-plane. For
clarity, different contour plotting scales have been used. Also note that in order to match plotting scale in (a), (b), and (c),
some areas of a graph may have values exceeding its scale maximum/minimum.
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FIG. 9. Goldhaber-Teller (GT) and Steinwedel-Jensen-
Migdal (SJ) giant resonance modes in an atomic nucleus
(adapted from Ref. 63). In the GT mode, the protons uni-
formly vibrate against the neutrons, whereas in the SJ mode,
the protons (and neutrons) alternately pile up at the opposite
sides of a fixed boundary. An illustration for the similar cir-
cumstances of collective oscillations of electrons in a metallic
sphere is plotted at the bottom (adapted from Ref. 9).
evolves into the VRP peaks near 4.5 eV of larger clus-
ters, as evidenced by the similar magnitude and distri-
bution of χ˜(r, ω) shown in Fig. 8c. This VRP peak cor-
responds to the absorption long tail extending to ∼5.5
eV that can be seen in Fig. 2. This long tail in the
UV range was confirmed by very recent experiments11
(Fig. 4) and was assigned to the volume plasmon that
can be optically excited for finite particles as predicted
by the previous theoretical works8,10,14,24,31,32,64,65. The
surface and volume plasmons can be paralleled, respec-
tively, to the Goldhaber-Teller (GT) and Steinwedel-
Jensen-Migdal (SJ) modes of giant dipole resonances in
an atomic nucleus, as depicted in Fig. 9. Evidently, the
diagrams shown in Fig. 8c for the absorption long tail of
each cluster correspond to the SJ mode for which elec-
trons are piled up alternatingly at the opposite sides of
the cluster, despite that the ionic background and rough
cluster surface may be responsible for the VRP spec-
trum fluctuations and the microscopic density response
features as exhibited by these contours.
Overall, as can be expected, the energy, shape, and the
density response nature of the principal absorption peak
approach the predictions of the classical Mie theory as the
cluster size increases. However, while the matrix RPA-
LDA/jellium background calculations14 predicted that a
smooth principal peak starts to take shape at around
Na58, the present work shows that this happens only af-
ter Na113, in company with the formation of a valley in
the VRP spectrum (Fig. 2) and also a density response
similar to that of the Mie picture (Fig. 8a), namely,
a uniform translational motion of electrons against the
positive background (Fig. 9). The Na113 cluster has an
effective diameter of ∼2.0 nm.
While the optical absorption of the metallic clusters
is anticipated to become dominated by the surface plas-
mon as the cluster approaches the bulk limit8, our results
nevertheless indicate that the prominent asymmetric line
shape of the principal peak in the absorption spectrum
remains even for clusters as large as Na331, as evidenced
by its additional absorptions in the UV range (Fig. 2).
It is clear from the VRP spectrum that this absorption
structure consists of the volume plasmon (∼4.5 eV) and
also the excitations formed by the coupling between the
surface plasmon and the electron-hole transitions.
V. CONCLUSIONS
In this paper, we have studied the electronic excitation
properties of a series of sphere-like bcc Na clusters up to
a size that is not yet explored in literature, by real time
TDLDA calculations. Several properties related to the
optical absorption spectrum, namely, the principal peak
position and width as well as static polarizability, have
been presented. Moreover, the calculated VRP spectrum
(i.e. volume density response proportion at different fre-
quencies) has been used to locate the volume plasmon
and electron-hole excitations with weak transition dipole
moments. The spatial distribution of density response
function for these special frequencies has also been re-
ported. The good agreement in the detailed spectral fea-
tures between Na27 (Na89) (our calculations) and Na20
(Na92) (previous experiments) as well as in the static po-
larizability between the present work and previous exper-
iments suggests that our TDLDA calculations that take
into account the realistic ionic background would provide
an adequate description of the plasmonic excitations in
quantum-sized Na clusters considered here.
Firstly, we have demonstrated that the effect of the
ionic background (i.e., ionic species and lattice) is respon-
sible for the remaining discrepancy in the principal ab-
sorption peak energy between the experiments and pre-
vious TDLDA/jellium background calculations. In other
words, taking all the electron spill-out effect, the coupling
between the individual electron-hole transitions and sur-
face plasmon, and the ionic background influence into
account would satisfactorily explain the observed devi-
ation of the principal peak energy of finite size clusters
12
from the classical Mie theory.
Secondly, we find that the ionic background effect
would push the critical cluster size where the maximum
width of the principal peak occurs from Na40 predicted by
the matrix RPA-LDA/jellium background calculation14
to Na65. This is determined by the strength of cou-
pling between the surface plasmon and nearly degenerate
electron-hole transitions that is the mechanism of Lan-
dau fragmentation. The strong coupling also gives rise to
a multiple absorption peak structure near the principal
peak in the group-V clusters, namely, Na27, Na51, Na65,
Na89, and Na113. As a result, the density response func-
tion for the principal and VRP peaks of these clusters is
dominated by an intense volume mode inside the clusters.
On the other hand, the group-S clusters excluding Na15
(i.e., Na169, Na229, Na283, and Na331) exhibit a smoother
and narrower principal absorption peak and a VRP val-
ley near the principal peak because their surface plasmon
energy is located deeply among that of the unperturbed
electron-hole transitions with weaker oscillator strengths.
Their density responses already bear resemblance to that
of the classical Mie theory.
Finally, we have attributed the absorption long tail in
the UV range to the volume plasmon that exists only in fi-
nite particles with the charge density response paralleled
to the giant SJ resonance mode in an atomic nucleus.
This volume plasmon manifests itself in the absorption
spectrum even for clusters as large as Na331, and hence
cannot be ignored. Indeed, finite size metal clusters are
found to exhibit quite complicated electronic excitations
due to their quantum size and discrete ionic background.
Although the volume plasmon characteristics may vary
rather smoothly with the increasing cluster size, the sur-
face plasmon is strongly modified by the Landau frag-
mentation and the classical features become dominant
only when the clusters are larger than Na113 which has
an effective diameter of ∼2.0 nm.
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